This paper derives a finite-strain plate theory consistent with the principle of stationary threedimensional potential energy under general loadings with a fourth-order error. Starting from the three-dimensional nonlinear elasticity (with both geometrical and material nonlinearity) and by a series expansion, we deduce a vector plate equation with three unknowns, which exhibits the local force-balance structure. The success relies on using the three-dimensional field equations and bottom traction condition to derive exact recursion relations for the coefficients. Associated weak formulations are considered, leading to a two-dimensional virtual work principle. An alternative approach based on a two-dimensional truncated energy is also provided, which is less consistent than the first plate theory but has the advantage of the existence of a twodimensional energy function. As an example, we consider the pure bending problem of a hyperelastic block. The comparison between the analytical plate solution and available exact one shows that the plate theory gives second-order correct results. Compared with existing plate theories, it appears that the present one has a number of advantages, including the consistency, order of correctness, generality of loadings, applicability to finite-strain problems and no involvement of non-physical quantities.
Introduction
Plates are very important engineering structures, which have attracted extensive research since the nineteenth century. Plates are defined as plane structural elements with a small thickness (characteristic length h) compared 2014 The Author(s) Published by the Royal Society. All rights reserved. with the other two planar dimensions. Plate theories attempt to reduce the three-dimensional elasticity theory to a two-dimensional approximate one defined on a surface. The literature on plate theories is vast, including direct [1, 2] and derived plate theories. Here, we give a review only on selected works on derived plate theories, which are divided into three categories.
(1) A common starting point is the series expansion of the deformed position (or displacement) vector in terms of thickness variable Z, e.g.
x(r, Z) = N j=0 Z j x (j) (r).
(1.1)
Early attempts on plate theories relied on a priori hypotheses, mostly motivated by engineering intuition. The classical Kirchhoff-Love plate theory (see Kirchhoff [3] and Love [4] ), which relies on three assumptions about both the geometry and deformation, is known to be only applicable to thin plates. Within linear elasticity, the first-order shear deformable plate theory [5] (Mindlin-Reissner theory) relaxes one of Kirchhoff's assumptions and introduces two additional unknowns. As a refinement, the third-order shear deformable plate theory [6, 7] incorporates postulated cubic terms in the two planar displacements, by assuming the way that the stresses vary over a cross section. The advantage is that it avoids the use of the shear correction factor, whereas the results for x are almost the same as in Mindlin-Reissner theory [7] . The von Kármán plate theory [8] still uses Kirchhoff's assumptions but retains some nonlinear components for the strain tensor (geometric nonlinearity) with an attempt to describe large deflections for thin plates. Although widely accepted and used, owing to the hypotheses involved, whether they could provide good results for general loadings are not guaranteed, and they do not apply to finite-strain problems. (2) Another approach is also based on (1.1) but with no explicit kinematic assumptions.
All the coefficients x ( j) ( j ≥ 1) are treated as independent unknowns, whose governing equations are derived from the two-dimensional variational (or virtual work) principle by first integrating out the Z variable and conducting a truncation. Such an approach was adopted by Kienzler [9, 10] based on linear elasticity. By a procedure of 'pseudoreduction' of the resulting system to certain orders of h, the classical plate theory and a Reissner-type theory [11, 12] were recovered. Based on nonlinear elasticity, Meroueh [13] used a similar approach except with Legendre polynomials of Z in (1.1), and formulated a system in terms of generalized (higher order) stress resultants for finite-strain problems. Also based on nonlinear elasticity, Steigmann [14] carried out a study to construct an O(h 3 ) two-dimensional energy and finally arrived at a fourth-order system for x (0) by eliminating other unknowns x ( j) ( j ≥ 1). The disadvantage of these theories is that the resulting system (Euler-Lagrange equation) contains many unknowns, albeit some may be eliminated by a further reduction. In addition, it is not easy to interpret and propose suitable and consistent boundary conditions on the lateral surface, since they involve generalized (high-order) stress resultants whose physical meanings are not clear. Also, as pointed out by Steigmann [15] , for the truncated energy to be as accurate as possible by the standard of three-dimensional elasticity theory, one needs to impose restrictions on the high-order coefficients in (1.1) from the three-dimensional formulation instead of treating them as independent unknowns. This way was adopted by Steigmann in [15] [16] [17] , leading to a significant progress towards the derivation of more proper plate and shell models which incorporate both stretching and bending. More specifically, the author considered the case that the tractions were zero (or sufficiently small) on the top and bottom surfaces, which were used to represent x (i) (i = 1, 2) in terms of x (0) , leading to a final system with only x (0) . The theory extends Koiter's shell theory [18] and dictates an optimal O(h 3 ) approximation for the three-dimensional potential energy. The only undesirable feature (as indicated by Steigmann [15] ) is that the relation for x (1) is not accurate enough, which may cause a non-negligible O(h 3 ) error in the energy. The theory is restricted to the traction-free (or sufficiently small traction) case. (3) Some consistent mathematical approaches for deriving leading-order plate theories have also been developed, which are based on certain a priori scalings between the thickness h and the deformations (or applied loads). The method of Gamma convergence [19] [20] [21] is concerned with the limiting two-dimensional variational problem of vanishing thickness h, which leads to a hierarchy of two-dimensional energies depending on the scalings. This method is rigorous but so far has failed to furnish a unified model containing the thickness parameter which incorporates both bending and stretching. On the other hand, asymptotic methods [22] [23] [24] aim at generating the leading-order (in h) two-dimensional variational problem or differential system via formal expansions. In [22] , it was shown that von Kármán plate equations could be derived formally by such an approach based on the three-dimensional weak formulation with prescribed orders of applied loads and certain lateral surface boundary conditions. In [23, 24] , the derivations were based on the three-dimensional differential formulation, in particular a hierarchy of leading-order plate equations were derived in [24] . However, one difficulty is that those approaches do not furnish a single plate model for all orders of applied loads, which is perhaps most needed in engineering problems. And, from the leading-order equations, it is difficult to examine the effects of the thickness.
Strictly speaking, a plate theory can be said to be consistent if the approximations ensure that either the three-dimensional differential formulation (including field equations and boundary conditions) or the three-dimensional weak formulation (by the energy principle) are satisfied to the required order of h. Desirably, a good plate theory should be consistent with the threedimensional formulation beyond the leading order with no special restrictions on applied loads, and further should furnish a single model with no unphysical quantities, leading to applicability from thin plates to relatively thick plates for a variety of deformations from small bending and stretching to finite strains. Despite more than 150 years of research and significant advancements (see the above review for selected works), it appears that such a good plate theory has not been established. In this paper, an attempt is made in this direction. Our starting point is also (1.1) (with N = 4). With this expansion and based on threedimensional nonlinear elasticity, we intend to derive (without special a priori restrictions on applied loads) a two-dimensional plate system consistent with the three-dimensional stationary potential energy principle (or weak formulation) with an error of O(h 4 ), with an aim of producing O(h 2 )-correct results for all the displacement (position) vector, strain tensor and stress tensor. We mention some key points for our success. First, rather than obtaining a truncated twodimensional energy by integration, we deduce the main results by directly approximating the exact three-dimensional field equations and conditions on the top and bottom surfaces. This was the way adopted before (with only third-order material nonlinearity) in [25] [26] [27] for deriving rod-like theories and in [28] for deriving a plate model involving only stretching. Specifically, those three-dimensional differential relations are kept to the desired order in a pointwise manner, such that the corresponding terms in the variation of the three-dimensional potential energy are O(h 4 ). A finding is that the exact recursion relationships between x (i) (i = 2, 3, 4) and x (i) (i = 0, 1) can be obtained by solving linear algebraic equations. Second, we adopt an expansion about the bottom surface, as was done in [29] for a tube buckling problem. This enables us to derive an exact algebraic relationship between x (1) and ∇x (0) , which avoids the non-negligible error in [15] . These relations show the dependence among x (i) (i = 0, 1, 2, 3, 4), and thus it may not be proper to treat them as independent unknowns as was done in some works. As a result, the final vector plate equation contains only three unknowns x (0) . Proper plate boundary conditions are then introduced to make the two-edge integration terms in the three-dimensional energy principle O(h 4 ).
Associated weak formulations for the derived differential plate system are also provided, which show that the latter obeys a two-dimensional virtual work principle and leads to the natural boundary conditions. By relaxing the consistent criterion slightly, we also construct a truncated two-dimensional strain energy as was done in [15] . The differences are that it is not restricted to the traction-free case and there is no non-negligible error. The advantage of this approach is that the plate problem can be solved by an energy minimization, although the threedimensional weak formulation is not satisfied exactly to O(h 4 ). To examine the validity of our consistent plate theory, we consider the pure finite-bending problem of a rectangular hyperelastic block, for which the exact solutions are available. The comparison between the analytical plate solution and the exact one supports our claims that the plate theory can provide O(h 2 )-correct results for the displacement vector, strain tensor and stress tensor. It appears that other plate theories have not been demonstrated to produce results correct to this order. Finally, we give some concluding remarks, including a summary of nice features of this plate theory.
The three-dimensional energy principle and field equations
We consider a homogeneous thin plate of constant thickness composed of a hyperelastic material. A material point in the reference configuration κ = Ω × [0, 2h] is denoted by X = (r, Z), where the thickness 2 h of the plate is small compared with the planar dimensions of the bottom surface Ω. The deformed position in the current configuration κ t is denoted by x. In this section, we first recall the three-dimensional formulation and then introduce the consistency criterion for a plate theory.
For a plate structure, the deformation gradient is represented as
where ∇ is the in-plane two-dimensional gradient, and k is the unit normal to the reference bottom surface Ω. For a hyperelastic material, the nominal stress S can be obtained through the strain energy function Φ(F) by S(F) = ∂Φ/∂F. The associated first-and second-order elastic moduli are defined by
Here and in the sequel, we adopt the convention that Latin indices run from 1 to 3, whereas Greek indices run from 1 to 2, and the index after the comma indicates differentiation (e.g. (∇x) iα = x i,α in (2.1)). It is assumed that the strain energy function for the deformations concerned satisfies the strong ellipticity condition
where the colon means a scalar tensor product A : B = tr(AB) and the square bracket after a modulus tensor means the operation: (A 1 [A]) ij = A 1 ijkl A lk in rectangular cartesian coordinates. For the case of dead loading and in the absence of body forces, the three-dimensional potential energy E is given by
whereV is the load potential, q ± are the applied tractions on the top and bottom surfaces, and q is the applied traction on the lateral surface (the edge). Here, the boundary ∂Ω is divided into two parts, the position boundary ∂Ω 0 and the traction boundary ∂Ω q . The principle of stationary potential energy requires the first variation of E to be zero, which leads to
where N is the unit outward normal to the lateral surface. This is a three-dimensional weak formulation of the problem. Then the three-dimensional field equations together with boundary conditions are
where b is the prescribed position on the boundary ∂Ω 0 . For a consistent plate theory, one needs to make approximations to eliminate the Z variable, which should agree with the principle of stationary three-dimensional potential energy (i.e. the three-dimensional weak formulation) to a certain order. Thus, the consistency criterion is that for general smooth loadings (without special a priori restrictions on q ± , q(s, Z) and b(s, Z)) each term in δE should be either zero or a required asymptotic order (say, O(h 4 )) separately for the plate approximation. It should be noted that δx is not correlated in each of these terms. Even a plate model (e.g. by the two-dimensional energy principle method, see §5) can make δE the required asymptotic order as a whole, it does not guarantee each term to be of that order, and thus it could still be inconsistent with the three-dimensional weak formulation. The main purpose of this paper is to provide such a consistent plate theory.
The two-dimensional vector plate equation
The starting point of our derivation of a consistent plate theory is a series expansion of the current position vector, which is employed with the previously defined consistency criterion in mind. First, we consider the corresponding expansions of the deformation gradient and nominal stress and make some key observations, which are essential for the success of our procedure. In the sequel, without loss of generality, it is understood that all the spatial variables and position/displacement vectors are scaled by the typical length of the in-plane surface and all the stresses, energies and applied tractions are scaled by a typical stress magnitude. Then, in particular, 2h means the thickness ratio.
(a) Expansions
In order to make approximations to obtain a two-dimensional formulation, a plausible way is to take advantage of the thinness of the plate by taking series in Z. Suppose that the current position vector x(X) is a C 5 function in Z, then for any 0 ≤ Z ≤ 2h we can expand it about Z = 0 (the bottom surface) as where 0 < Z * < 2h and the superscript n denotes the nth-order derivative and x (n) (r) = ∂ n x/∂Z n | Z=0 (n = 1, 2, 3, 4). Accordingly, the deformation gradient has a similar expansion
where F (n) is defined in the same way as x (n) . Substituting (3.1) into (2.1) and comparing with (3.2), we obtain the relations
An observation is that the dependence of F (n) on x (n+1) is linearly algebraic. The strain energy Φ is also assumed to belong to C 5 in its arguments, then the nominal stress S can be expanded as
By the chain rule, the left-hand side can also be expanded in series of Z by virtue of (2.2), (3.2).
Comparing two sides leads to
5)
and in a component form the last two are
where the argument F (0) is omitted in A i (i = 1, 2). The relation (3.5) between the components of stress and deformation gradient is helpful for clarifying the dependence and the sequel derivation. In practice, once the strain energy function is specified, one can get S (i) (i = 0, 1, 2) directly through an expansion of S without computing the moduli. Actually, S (3) is also needed, but it is an intermediate quantity, whose expression is omitted. One can observe that the dependence of S (i) (i = 1, 2) on x (i+1) is linearly algebraic, which is one key of the success. Based on the above series expansions, we are ready to derive a two-dimensional plate theory, which satisfies the consistency criterion defined before.
(b) Derivation of the vector plate equation
Owing to expansion (3.1), the unknowns are five vectors x (i) (i = 0, . . . , 4). It may appear that there are too many unknowns but this is necessary to obtain O(h 2 ) correct results as we shall show. The first issue is whether a closed-system for them can be obtained to the proper order. The second issue is whether it is possible to eliminate most unknowns (one wants to avoid a consistent but too complicated plate theory). In this section, we shall address both issues.
First of all, we substitute (3.4) into the bottom traction condition (2.6) 2 to obtain
The advantage of the expansion at the bottom is that (3.7) is an exact equation which contains only two unknown vectors x (0) and x (1) , and further the dependence on the latter is algebraic (cf. (3.5) 1 and (3.3)). The strong-ellipticity condition together with the implicit function theorem guarantee that x (1) can be uniquely solved in terms of ∇x (0) [14] . Substituting (3.4) into the top traction condition (2.6) 3 leads to
The above equation contains all five unknown vectors and to have a closed system, one needs to have another three vector equations which contain and only contain those unknowns. For that purpose, we use the three-dimensional field equations (2.6) 1 , which can be expressed as
After the substitution of (3.4), the left-hand side becomes a series of Z, and the vanishing of the coefficients of Z n leads to ∇ · S (n) + (S (n+1) ) T k = 0, n = 0, 1, 2.
(3.10)
The above three vector equations, involving only S (k) (k = 0, 1, 2, 3), contain and only contain the above-mentioned five unknown vectors. So, we have a closed system. This demonstrates that the number of coefficients in the series expansion (3.1) should not be taken arbitrarily, rather it should be chosen according to the error in the top traction condition. We also observe that (3.10) relates the higher order coefficient S (n+1) (whose dependence on x (n+2) is linearly algebraic) to the derivatives of the lower order coefficient S (n) (involving up to x (n+1) ). Therefore, this series of equations can be used to derive the recursion relations for x (n) (n ≥ 2) by solving linear algebraic equations!
We take n = 0 as an example. Substituting (3.3), (3.5) into (3.10), we obtain
where both B and f (2) only involve x (0) and x (1) . In (3.11) and hereafter, the argument F (0) is omitted for brevity in B, A 1 and S (0) (and A 2 in the sequel). By the strong-ellipticity condition (2.3), B is invertible and we obtain
Similarly, for n = 1 we obtain the following expression of x (3) from (3.10):
The vector x (4) is an intermediate quantity, whose explicit expression is not needed, however the relation (3.10) with n = 2 as a whole will be used to eliminate it. Owing to these recursion relations, along with (3.7), all the higher order terms x (k) (k = 1, 2, 3) can be expressed by x (0) . It should be pointed out that these are exact relations without any approximation involved. Finally, by subtracting (3.7) and using the field equations (3.10) (n = 0, 1, 2) once, (3.8) reduces to
The first equation (3.14) 1 is the two-dimensional vector plate equation, which involves quantities up to x (3) . After replacing x (i) (i = 1, 2, 3), it becomes a fourth-order differential equation for x (0) (with an error of O(h 3 )). Once it is solved, an up to O(h 2 )-correct result for x (0) can be obtained. Then, up to O(h 2 )-correct results for x (k) (k = 1, 2, 3), strains and stresses can be easily deduced. By definition,S is the averaged stress over the thickness, andq can be regarded as the effective body force for the plate caused by the tractions on the top and bottom surfaces. A direct integration of the three-dimensional field equations (2.6) 1 (also refer to (3.9)) over the thickness variable followed by the use of the top and bottom boundary conditions (2.6) 2 leads to precisely ∇ ·S = −q! Therefore, the present plate equation possesses, in a through-thickness average, the local force-balance structure in all three directions inherited from the three-dimensional system.
Remark. The through-thickness integration procedure on the three-dimensional field equations (and equation of rotational momentum) was also adopted in some popular mixed approach between direct and derived ones (e.g. [30, 31] ). The overall two-dimensional field equation is obtained by an integration, but the concerned two-dimensional variable likeS (andx in a dynamic system) in (3.14) 1 is treated as a whole instead of being expanded in series. Then, the two-dimensional constitutive relations (or two-dimensional energy) for these averaged variables are postulated to complete the theory as in the direct approach. Now, we examine the consistency according to the criterion introduced before. For that purpose, we analyse the asymptotic orders of the first three terms in δE (see (2.5) ). For the first term, we note that Div
In the derivation, (3.10) with n = 0, 1, 2 were used to obtain the recursion relations for eliminating x (i) (i = 2, 3, 4). Thus, we have Div S = O(Z 3 ), which implies that the first term is of O(h 4 ). While (3.7), which is used to eliminate x (1) , makes the second term exactly zero. The error of the third term is O(h 4 ) due to (3.8) . Actually, it is easy to see the three-dimensional field equations and traction conditions on the top and bottom surfaces are satisfied up to O(h 2 ) in a pointwise manner. Thus, we conclude that, except the two edge terms (the fourth and fifth terms in δE), the present plate equation together with the intrinsic relations among x (i) (i = 0, . . . , 4) guarantee an O(h 4 ) error for the first three terms in δE. Next, we shall introduce proper plate boundary conditions to make the two edge terms O(h 4 ).
Remark. In existing plate theories, usually the series expansion about the middle surface is used, perhaps due to some symmetry properties and separation of bending and stretching deformations in the derivation. Here, we abandon this convention and adopt an expansion about the bottom surface, which enables us to derive the exact relationship between x (1) and x (0) , leading to a simple system for only x (0) . If we follow the middle-surface expansion (as we have attempted initially), the consistent two-dimensional plate equations with the same O(h 4 ) error for δE will be a coupled system for x (1) and x (0) (much more complicated). In the two-dimensional energy approach to be presented in §5, the middle-surface expansion also causes the difficulty in finding accurate enough relationship between x (1) and x (0) .
(c) Boundary conditions
In this section, we aim to reduce the three-dimensional boundary conditions to appropriate ones for the derived two-dimensional vector plate equation. Since the plate equation is of fourth order, two conditions regarding x (0) or its derivatives are needed, either on the position boundary ∂Ω 0 or on the traction boundary ∂Ω q .
Case 1. Prescribed position in the three-dimensional formulation
Suppose that on ∂Ω 0 × [0, 2h] the position b is prescribed. In this case, in order to satisfy the consistency criterion, for the two-dimensional vector plate equation we adopt the following two conditions:
where a bar over a quantity represents the through-thickness average and b (0) = b| Z=0 . The second condition contains up to the third-order derivatives of x (0) upon using the recursion relations. We point out that the first condition can be replaced by prescribing the position at any given point.
To check the consistency, we examine the asymptotic order of the fourth term in (2.5):
Obviously, the first term in (3.16) is zero due to condition (3.15) 2 . The last term is zero as δx (0) = 0, and the second term is of O(h 4 ) since it is easy to see from (3.15) 2 that δx (1) 
where q 0 is the averaged traction and can be expressed in terms of q (i) in the same way as the lefthand side. Similarly, the second traction condition at Z = 0 may be replaced by one at an arbitrary Z. Alternatively, the second condition can be suitably replaced by the specified moment about the middle line as follows;
where m 0 (s) can be expressed in terms of q (i) in the same way as the left-hand side. The first two components of 2hm 0 are the classical bending moment and the twisting moment, respectively [9] . The third component does not has a clear physical meaning (somehow related to the extension of the edge cross section along Z-direction), which can also be replaced by the third component of (3.17) 2 whose physical meaning is clear. Also, S (3) T N terms are kept in order to make the boundary conditions up to O(h 2 ) correct.
To check the consistency, we examine the asymptotic order of the fifth term in (2.5). For convenience, we denoteq = S T N − q and useq (i) (i = 0, 1, 2) to represent the coefficients of its Taylor expansion . We have
The first term is zero due to condition (3.17) 1 Remark. Depending on the problems, some combinations of (3.15) 1,2 and (3.17) 1,2 or (3.18) can be used. It should also be pointed that the above proposed boundary conditions do not satisfy edge boundary conditions (2.6) 4,5 in the three-dimensional differential formulation to the required order in a pointwise manner about Z. Rather, they are satisfied in certain average manners. As a result, locally near the edge the plate solution may not achieve O(h 2 ) accuracy, especially when a boundary layer is present. We should mention that most common plate boundary conditions are derived from the variational (or virtual work) principle with the introduction of conjugate variables like generalized (effective) traction and bending moment, which would in general be different from the above-defined average traction and moment in case 2. Here, when the threedimensional position or traction conditions are known, one can directly define these physical quantities for plate boundary conditions. However, when the three-dimensional position or traction conditions are not known, as a price to pay for such an uncertainty, those newly defined conjugate variables will be needed, as will be seen later.
To sum up, the two-dimensional vector plate equation 
Associated weak formulations
In this section, we deduce the associated weak formulations for the previous two-dimensional plate system in a way similar to that in [32] , in order to derive formulations suitable for numerical calculations. Another purpose is to introduce suitable boundary conditions for a number of practical cases that the three-dimensional edge conditions are not known (e.g. for a pinned edge one does not know the traction distribution).
First, multiplying both sides of the two-dimensional plate equation (3.14) 1 by ξ = δx (0) , we obtain
In general, for a fourth-order differential system, the weak formulation should only contain up to the second-order derivative of x (0) (especially regarding the functional space in finite-element calculations). However,S involves the third-order derivative of x (0) , which we intend to eliminate. This term originates from the term F (2) in S (2) (see (3.5) 3 and (3.3)), which is decomposed into two parts for identification
where only the second part needs special attention. Correspondingly, we havē
where only the highest order derivative is listed in the arguments. Curlicue letters including W i (i = 1, 2, 3) and the following S 0 , η are used to denote quantities involving the virtual variable ξ . Explicitly, we have
1 ] : ∇ξ
where the symmetry property of A 1 has been used in deriving (4.4) 2 , and the quantities S 0 and η are defined as
5)
These quantities are actually the variations of x (1) and S (0) , respectively, since from (3.5) 1 and (3.7) one can deduce η = δx (1) and S 0 = δS (0) . (4.6)
Then, the third-order derivative term in (4.1) is eliminated by the divergence theorem
In summary, we have the following two-dimensional weak form:
In the following, we will rewrite (4.8) for two distinct situations, according to different types of edge boundary conditions. (1) Edge position and traction in the three-dimensional formulation are known In the differential formulation of the plate system, the suitable boundary conditions for this situation have been introduced in cases 1 and 2 of §3c (respectively, on ∂Ω 0 and ∂Ω q ). Now we use them to further simplify the above weak formulation.
On ∂Ω 0 , (3.15) holds, and from which it is easy to deduce ξ = δx (0) = 0, η = δx (1) = O(h). The latter and (4.5) 1 imply that ∇ξ = O(h), which, together with (4.8) 2 , further imply S 0 = O(h). As a result, the part on ∂Ω 0 of the right-hand side of (4.8) is of O(h 3 ) and is thus ignored (note that a factor 2h is divided in deriving the plate equation). In this context, we can readily replace ∂Ω by ∂Ω q for the edge boundary integral.
While on ∂Ω q , from the boundary conditions in case 2 it is easy to deduce S T 0 N = δ[S (0)T N] = O(h 2 ). Thus, the third term inside the boundary integral can be neglected. Then, the twodimensional weak form (4.8) reduces to
in which the second equality is obtained upon using (3.17) 1 and (3.18) to replace the two traction terms and neglecting O(h 3 ) terms. The above weak form is suitable for finite-element calculations with prescribed q 0 and m 0 (which are known once the edge traction in the three-dimensional formulation is given). It should be noted that attention should be paid on the suitable functional space for the test functions, which should conform with the restrictions (3.15) on ∂Ω 0 .
(2) Edge position and traction in the three-dimensional formulation are unknown In a number of practical situations, one does not know the edge traction distribution (e.g. a pinned edge) or displacement distribution (e.g. a clamped edge). In these cases, it does not make sense to introduce plate boundary conditions for the purpose of making the two edge terms in δE (see (2.5)) be of certain consistent order. Rather, one can propose the so-called natural boundary conditions according to the weak formulation, and most existing plate models deduce boundary conditions in this way. To this end, we would like to rewrite the boundary integral in (4.8) by using ξ ,N , the normal derivative of ξ . For convenience, we introduce a third-order (moment) tensor M = M(∇x (0) , ∇∇x (0) ) according to the last two terms in the boundary integral of (4.8)
And further we introduce the decomposition ∇ξ = ξ ,s ⊗ T + ξ ,N ⊗ N, (4.11) where T and ξ ,s are, respectively, the unit tangential vector and tangential derivative. Substituting these two relations (4.10) and (4.11) into the boundary integral in (4.8) and a simple integration by part leads to (possible corner forces are not considered here)
where the two quantities relating to M are given by
In the standard plate theory [33, 34] , the terms before ξ and ξ ,N are considered as the generalized average traction and generalized bending moment, respectively. Formally, if we regard W =: W 1 + W 3 as the variation (increase) of the plate stress work due to the virtual position/displacement ξ , the weak form (4.12) can be rewritten as Ω W dr = Ωq · ξ dr + ∂Ωq (s) · ξ +m 0 (s) · ξ ,N ds, (4.14) whereq andm 0 are, respectively, the applied generalized traction and bending moment at the edge. Since the three terms on the right-hand side are, respectively, the virtual work by the plate body force (caused by the tractions of top and bottom surfaces), by the generalized edge traction and the generalized edge bending moment, the above equation is simply the two-dimensional virtual work principle for the plate. This weak form can be used for implementing finite-element schemes.
In the expressions of W 1 and W 3 (see (4.4) 1 and (4.7) 2 ), except that the S (0) -term depends on ∇x (0) only, the remaining terms depend on both ∇x (0) and ∇∇x (0) . Thus it is difficult to identify which part is representing stretching and which part is representing bending; rather these two effects are combined together in the variation of the stress work. Also, if there exists an function W(∇x (0) , ∇∇x (0) ) such that Ω δW dr = Ω W dr, then W can be regarded as the two-dimensional plate strain energy function. But, in general, although it is not a proof, we expect that such a function does not exist. One reason is that W is an energy not only depending on the material and plate thickness but also on the applied traction q − on the bottom surface (x (1) is solved in terms of ∇x (0) and q − , see (3.7)). From this point view, the derived plate system may not be treated as an energy minimization problem.
Based on the weak form (4.12), we are ready to introduce suitable boundary conditions for various practical cases. 
A two-dimensional plate strain energy function
The previous derived plate system has the force-balance structure in all three directions and is consistent with the principle of stationary three-dimensional potential energy up to O(h 3 ), but a price to pay is that it may not be treated as an energy minimization problem. In this section, we shall somewhat relax the consistency requirement to obtain a two-dimensional strain energy function for the plate in a way similar to that used in [15] . In that paper, the case of zero (or small enough) tractions on the top and bottom surfaces was considered and, as pointed out by the author, a non-negligible error was incurred when x (1) was expressed in terms of x (0) . Here, we do not put any restrictions on the applied tractions and the derivation avoids such an error. We shall first truncate the three-dimensional potential energy (2.4) to O(h 3 ) and then simplify it to a two-dimensional potential energy by eliminating the third-order derivatives. The details are described below. Similar to (3.1), the strain energy is also expanded as
By the chain rule with the help of (3.2) and (5.1), one can deduce the relations (1) and Φ (2) = S (0) : F (2) + S (1) : F (1) .
Subsequently with the series expansions (3.1), (5.1) and by an integration, the two parts in the three-dimensional potential energy E given in (2.4) are truncated as
whereq, q 0 and q (0) have the same meanings defined previously, and q 1 is defined as (1/2h 2 ) 2h 0 Zq dZ. The above terms in (5.3) involve quantities from x (0) to x (3) , which are not independent in the two-dimensional formulation since x (i) (i = 1, 2, 3) can be expressed in terms of x (0) according to the three-dimensional formulation as done in §3. Therefore, those relations should be used before taking the variation. As a result, the strain energyΦ will involve up to the third-order derivatives of x (0) . To eliminate them, similar to that in §4 we further simplify the following term in Φ (2) by the divergence theorem:
Combining the last two terms in (5.4) and the two O(h 3 ) terms ofV in (5.3) 2 (upon using (3.7)) leads to
The first term can be neglected as it is O(h 4 ). The second term is on the traction boundary ∂Ω q , and for any reasonably prescribed traction conditions the term (S (0)T N − q (0) ) should be at least O(h). Thus, this term can also be neglected. We shall also neglect the third term, which represents the contribution from x (2) on ∂Ω 0 . In terms of asymptotic order, one cannot say such an approximation is consistent as it is O(h 3 ). Nevertheless, we drop it based on the following reasons. Firstly, the three-dimensional edge conditions on Ω 0 are not known in some practical problems (see §4), and in this case the error to any proposed plate boundary conditions can never be estimated. So, the above approximation does not worsen the situation. Secondly, no suitable boundary conditions can be prescribed if this term is kept, since three boundary conditions on ∂Ω 0 (inconsistent with the required two) will be needed after the two-dimensional variational principle is performed. Thus, this term leads to an essential and inevitable difficulty on the boundary conditions in a two-dimensional energy formulation. This point was already noted by Steigmann [16] , who ignored such terms in his plate theory by stipulating that the a posteriori boundary data of x (2) is consistently prescribed.
With the above-mentioned approximation, the two-dimensional potential energy reduces to (2) ) − 2hq + · (x (1) + hx (2) ).
Based on this expression, one can regard Φ 2D as the two-dimensional plate strain energy function. We point out that it is a function not only depending on the material and the plate thickness but also on the applied tractions q − and q + (despite the fact that the contribution from them is also present in the load potentialV 2D ). We note that Φ 2D is a function of (∇x (0) , ∇∇x (0) ). By taking a variation ofΦ 2D , one can get the vector plate equation, which is given in appendix A. Similar to the treatment in §4, by introducing the generalized average edge traction and bending moment, it can be shown that the variation of the load potentialV 2D can also be written as (cf. (4.12) or (4.14))
,N ) ds.
(5.7)
From this form, one can easily deduce the natural boundary conditions for the corresponding vector plate equation, which are also given in appendix A.
To end this section, we remark further on the consistency/inconsistency of this twodimensional energy approach for the plate system. The second term in δE given in (2.5) is zero as the approach still uses (3.7). Owing to the dropping of the third term in (5.5), it is not possible to make the fourth term in δE an O(h 4 ) quantity, and the fifth term cannot be made O(h 4 ) neither. Also, we cannot show that the first and third terms in δE are of O(h 4 ) separately as S (3) is never used in deriving E 2D (according to the results in §3 this coefficient is needed for each of them being this order). However, if one considers all the terms together except the third term in (5.5) (denoted by h 3 E e 0 ), the derivation given in this section actually implies that E − h 3 E e 0 = O(h 4 ), which, in turn, implies δ(E − h 3 E e 0 ) = O(h 4 ). Thus, although the present approach cannot make the first and third to fifth terms O(h 4 ) separately, it can make δE as a whole O(h 4 ) when h 3 E e 0 is dropped (in a traction boundary problem δΩ 0 is not present, and nor is this term). This gives some justification for this two-dimensional energy approach, which has the important advantage that the plate problem can be treated as an energy minimization problem.
An example: pure finite-bending problem
To demonstrate the validity of the previously derived two-dimensional vector plate equation, in this section we consider the pure bending of a rectangular block for Hill's class of compressible materials, for which the exact solutions are available in the literature [35, 36] . As this example is essentially a two-dimensional problem and a semi-inverse one, the original system is a secondorder differential system for a scalar function. For the derived plate theory, the final equation becomes an algebraic equation for one scalar. In a special case, we compare the plate solution with the exact closed-form solution. Figure 1a schematically illustrates the two-dimensional picture of reference and current states of the rectangular block. Cartesian coordinate system (X, Y, Z) is used for a reference point, whereas cylindrical coordinate system (θ , y, r) is used for a current point. Then, the bending of the block is described by
where α is the bending angle, λ 2 is the stretch normal to the bending plane and L i (i = 1, 2) are the two planar dimensions. Without loss of generality, we set λ 2 = 1 and L 1 = 1 (h is then the thickness ratio). The deformation gradient is diagonal in the above coordinate systems
where the prime denotes differentiation with respect to Z. As for the constitutive relations, we recall the strain energy for Hill's class of compressible materials [37] ,
where λ and μ are the Lame constants and m is a parameter running over the reals. The case m = 0 corresponds to Hencky material, and m = 2 corresponds to Saint Venant-Kirchhoff material. The nominal stress is given by
After some simple algebra, we obtain the following expressions of the two components of the nominal stress (S Yy is not needed):
where the parameter λ has been replaced by Poisson's ratio ν by λ = 2μν/(1 − 2ν). For the plate theory, we follow the previous procedure in (3.1) to expand r in terms of Z r(Z) = r 0 + r 1 Z + 1 2
where r i (i = 0, . . . , 4) are the constant coefficients. Accordingly as in (3.2) and (3.4) , the deformation gradient and nominal stress are expanded in series of Z. As we mentioned earlier, the components S (i) (i = 0, 1, 2) are computed directly from specific form (6.5) by substituting (6.6) rather than using relations (3.5) . The explicit expressions are given in appendix B, and the component S (i) (i = 0, 1, 2) depends linearly on the constant r i+1 . Then, by (3.10) with n = 0, 1, the constants r i (i = 2, 3) can be expressed by r 0 and r 1 . For example
wherer 0 = αr 0 . The expression of r 3 is given in appendix B. From the traction condition at Z = 0 as in (3.7), we obtain
Finally, the plate equation (3.14) 1 furnishes an algebraic equation forr 0 upon using all the recursion relations
whereh = αh and the explicit expression of f 1 is omitted. Therefore, the quantityr 0 is a function of the parameterh for a fixed m. The algebraic equation (6.9) can be solved numerically without difficulty for any fixed m, and for some special values of m analytical solutions are available. The exact solutions in [35, 36] for the pure bending problem were obtained in integral form, and for some special values of m, the integral solution can be reduced to explicit expressions with elementary functions. We can compare the results for any m, but in order to see clearly the error we only compare for m = 1, for which the exact solution and that of our plate equation are both explicit. In our notation, the exact solution in [36] takes the form
For small thickness ratio h, one can do a Taylor expansion. Denoting the corresponding coefficients by r i (i = 0, 1, 2, 3), we havē
and
In the plate theory, for m = 1 the recursion relations for the coefficients in (6.6) become By further using Taylor expansions inh, we obtain the first four coefficients in the series of r
Comparing (6.11) and (6.14) , one can see that the plate theory yields O(h 2 )-correct results for r i (i = 0, 1, 2, 3) (the relative error is of O(h 3 )). As a result, the current position r(Z), strains and stresses are all pointwise correct up to O(h 2 ) for all bending angles. This example gives a justification of our plate theory. As far as the authors are aware, no other plate theory has been shown that can produce results with a relative error of O(h 3 ) for all relevant physical quantities (displacements, strains and stresses) in comparison with the exact solution.
By taking the parameter values α = π , ν = 0.3, h = 0.1, figure 1b shows the comparison between the plate solution and the exact solution, with an almost indiscernible difference. Actually the maximum relative error is less than 1.5%. When h increases to 0.15, the relative error is 5.1%.
Remark. If we use the two-dimensional plate strain energy function in (5.6) to deal with this problem, the solution is found to bē
Therefore, for the pure bending problem this approach also gives us an O(h 2 )-correct solution when the bending angle is prescribed, although the higher order O(h 3 ) terms are different from (6.14) 1 . Comparing with the above results in (6.14), the maximum relative error in this approach is increased by about seven times. Indeed, in numerical values this energy approach yields relative errors of 10.5% and 36.2%, respectively, when h = 0.1 and h = 0.15.
When the applied bending moment is prescribed, the consistent plate theory can also provide O(h 2 )-correct results as the plate boundary condition (3.18) agrees with this value up to the required order. However, for the energy approach the generalized bending moment (see (A 3) 1 has to be assigned this prescribed value. But, it does not conform with the bending moment in the exact formulation, which further induces an O(h 2 ) error.
Concluding remarks
In this paper, a finite-strain plate theory, which is term-wise consistent with the three-dimensional stationary potential energy principle, is developed with no special restrictions on loadings or the order of deformations. The success relies on the derivation of the recursion relations for the coefficients in the series expansion. Another key is to use an expansion for the position vector about the bottom surface, which enables the elimination of the second coefficient exactly. Weak formulations suitable for finite-element calculations together with boundary conditions for some practical cases are also provided. Besides the consistency, nice features of this plate theory include: (i) reserving the local force-balance structure in all three directions up to O(h 2 ) (in a throughthickness average); (ii) obeying a two-dimensional virtual work principle; (iii) not involving unphysical quantities like higher order stress resultants (usually present in some higher order plate theories); (iv) when the three-dimensional edge conditions are known, no need to introduce the so-called generalized traction and generalized bending moment (the conjugate variables); and (v) providing up to O(h 2 )-correct solution for the pure bending problem of a rectangular block while other plate theories have not been shown to give O(h 2 )-correct results in comparison with an exact solution. In some textbooks (e.g. [38] ), it has been asserted that when the thickness ratio is bigger than some value from 1/10 to 1/8, plate theories do not apply anymore and the threedimensional theory should be used. However, for the pure bending problem, our plate theory can actually provide accurate results even when the thickness ratio reaches 0.15, which breaks the limit in the textbooks. Also, in the widely used first-order (Mindlin-Reissner) and third-order shear deformable plate theories for small deflections, there are five unknowns [33] , while the present plate theory for finite strains only has three unknowns.
For the above-mentioned consistency and nice features, a price to pay is that the plate theory cannot be formulated as a two-dimensional energy minimization problem. By relaxing the consistency slightly, a two-dimensional plate strain energy function is obtained by using those recursion relations. Then, a plate problem can be solved through an energy minimization. However, in terms of numerical errors, the consistent plate theory produces a better result than that obtained from this energy approach for the pure bending problem. Another problem in this approach is that the newly defined traction and bending moment on the edge are in general slightly different from those direct definitions in case 2 of §3c.
These two types of plate theories raise a philosophical question. Suppose that one plate theory provides an approximation to the governing system satisfied by the minimizer of the threedimensional energy functional (like the first theory in this paper) and another plate theory provides a two-dimensional energy functional which is an approximation to the threedimensional energy functional (like the second plate theory). The question is whether the two-dimensional minimizer in the latter approach approximates the three-dimensional minimizer to the required order. For example, if one substitute (1.1) into the traction conditions on the top and bottom surfaces, two vector equations for the coefficients are obtained (which the threedimensional minimizer should satisfy). Whether the set of equations obtained from the twodimensional energy variation (or virtual work principle) are compatible to these two vector equations (to the required order) is not clear. Based on this reason, a plate theory which directly approximates the governing system for the three-dimensional minimizer seems to be preferred. Nevertheless, most existing plate theories belong to the two-dimensional energy approach (in principle), this might be a reason that so far those plate theories have not been shown to achieve O(h 2 )-correct (or even O(h)-correct) results for all physical quantities.
It is known that so far the method of Gamma convergence fails to provide higher order (say, O(h 2 )) plate theories for both stretching and bending. Since the present consistent plate theory cannot be formulated as an energy minimization problem, it might hint that the Gamma convergence could not succeed in doing so as it is based on energy minimization. For direct plate theories, the difficulty is to propose the proper two-dimensional constitutive relation. The derivations given in this paper indicate that such a relation may not just be the property of the material and plate geometry (see the discussions below (4.14) and (5.6), respectively) and depends on the tractions on the bottom/top surfaces as well, which further increases the level of difficulty.
In our derivations, the body force is neglected for simplicity. But, it is a straightforward matter to take it into account. For a dynamic process, the three-dimensional field equations change to Div S = ρẍ with density ρ. Correspondingly, the two-dimensional plate equation becomes ∇ ·S = ρẍ −q, with some modifications for the intrinsic relations between x (k) (k = 1, 2, 3, 4) and x (0) (and its time derivative). Note that the termx contains x (i) (i = 0, 1, 2), thus the plate equation includes the effect of rotatory inertia. We shall present the details elsewhere, together with a study on the degenerated linear plate theory. This work is currently being extended for the derivation of a consistent shell theory.
Finally, we would like to mention that under the imposed smoothness assumptions (see, e.g. (3.1)), the plate theory agrees with the three-dimensional weak formulation to O(h 3 ) rigorously and the order of errors in the plate equations and boundary conditions is also rigorous. However, the proof that those errors will lead to an error of the same order for the solution is not provided, which will be left for a future investigation. Plate theories can be dated back at least 150 years ago, and it was stated by Steigmann in formulation and the order of error in the plate equations and boundary conditions, this work makes a contribution towards to the resolution of this open problem. More detailed mathematical analysis and numerical calculations are needed to investigate the advantages and disadvantages of the present plate theory, which will be left for future investigations.
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Appendix A. The differential system from the two-dimensional plate strain energy By taking variation of the two-dimensional plate potential energy in (5.6) and setting it to be zero, we can obtain ∇ ·Ŝ = −q, i n Ω,
x (1) = b (1) 
S
(2) = A 2 [F (1) , F (1) ] − x (2) · (∇ · A 1 ), Note that the explicit expressions forŜ,S andM in (A 2), (A 3) are only for comparison with the consistent plate system in §3. In practice, they can be derived directly from the explicit form of Φ 2D in (5.6) . Substituting the relation (3.12) for x (2) , one can write Φ 2D = Φ 2D (∇x (0) , x (1) , ∇x (1) ). ThenS is calculated byS = 1 2h 2 ∂Φ 2D ∂(∇x (1) )
.
( A 4 )
Further substituting the relation for x (1) , one can write Φ 2D = Φ 2D (∇x (0) , ∇∇x (0) ). ThenŜ andM are given by
Comparing with (3.14) , we see that the present plate equation (A 1) 1 does not reserve the forcebalance structure inherited from the three-dimensional system in all three directions. However, as mentioned earlier, with a two-dimensional plate strain energy function, the plate problem can be considered as an energy minimization problem, which could have advantages in some problems.
